A discrete transfer formulation for analyzing radiative heat transfer through participating medium with highly anisotropic scattering phase function is presented. This formulation used the finite volume method to evaluate integral of the radiative heat transfer problem. Hence, participating media anisotropic scattering phase function along a centre scattered sub-solid angle of the discrete transfer direction is defined by an average on the incident sub-solid angle. Numerical simulations on the efficiency of the proposed discrete transfer formulation for one-dimensional radiative heat transfer through participating, and anisotropic scattering medium under diffuse incidence is carried out. Results indicate that present discrete transfer radiative heat fluxes, transmittance and reflectance predictions have accuracy comparable to available analytical and numerical literature benchmark solutions. Excellent agreements are noted for different anisotropic scattering phase functions.
Introduction
Thermal radiation transport is the dominant heat transfer process in many scientific fields and the most important in high-temperature engineering systems such as furnaces, boilers, internal combustion engines and thermal insulation (Dombrovsky and Baillis, 2010) . This is due to the fact that, for most of these systems, conduction and convection heat transfer rates are linearly proportional to temperature differences. Whereas radiative heat transfer rates are generally proportional to difference in the fourth power of absolute temperature (Modest, 2013) . The constituent medium of the majority of these systems actively participate in the radiative transfer by scattering, absorption and emission of radiation energy, where the scattered energy is mainly anisotropic. Henceforth, an accurate analysis of radiative heat transfer becomes an important and necessary consideration.
Different numerical techniques exist for solving the governing radiative transfer equation, some examples are the zonal, spherical harmonics, Monte Carlo, flux, discrete ordinates, finite volume and discrete transfer (DTM) Methods. The zonal method also refers as the Hottel's zonal method consists of decomposing a medium and its boundaries into a great number of exchange areas of isothermal surface elements and isothermal volume elements in order to compute the net radiative flux exchanged between all of these exchange areas (Goheneche and Sacadura, 2002) . The difficulty to evaluate exchange areas of media and to treat anisotropic scattering problem restricts the use of the method in engineering. The spherical harmonics method describes the radiative intensity as an orthogonal infinite series expansion in terms of distance and angle, and then truncates the series to a set that can be conveniently solved (Modest and Yang, 2008; Howell, et al., 2011; Tapimo and Kamdem, 2016) . For multidimensional problems, the method accuracy slowly improves for higherorder approximations, while mathematical complexity increases extremely rapidly. The Monte Carlo Method is a stochastic method mostly use as benchmark solutions for physically complex problems. However, the method is computational expensive as large number of photon bundles are often needed to attain high accuracy. Its inability to match the required grid size needed for concomitant computation of conduction and/or convection parts of the conjugate problems, and statistical fluctuation of results, limits its use to benchmarking problems (Sankar and Mazumder, 2010) . In the flux method, the directional dependence of intensity is decoupled with its spatial dependence. The intensity is assumed to be uniform over a given interval of the solid angle and is assumed to be divided at any point into a forward and backward component. The integrodifferential form of RTE is then averaged over each of the finite angular regions resulting in a set of flux equations. This method is usually tailored toward plan geometry and cannot easily be applied to other scenarios (Modest, 2013) . Ordinates methods such as discrete ordinates (DOM) and finite volume methods approximate integrals over direction by a numerical quadrature technique, and it is then assumed that the radiative intensity is constant within each ordinate direction (Fiveland, 1987; Chai et al., 1994; Raithby and Chui, 1990) . The solution will approach exactness as the number of quadrature elements is increased. These methods present some serious drawback namely false scattering, ray effects, scattering phase function normalization. False scattering and ray effects are essentially multidimensional problems which can be solved by appropriate spatial and angular discretization or by splitting the radiative intensity into direct and diffuse components (Huang et al., 2011; Kamdem, 2015) . Scattering phase function normalization affected discrete ordinates method accuracy while the efficiency of the finite volume method is slow down by the time needed to accurately compute the phase function (Boulet et al., 2004; Hunter and Guo, 2014) . In its Lockwood and Shah initial formulation, the discrete transfer method is closely related to the Monte Carlo method and these authors were expected to sidestep some of the shortcomings of the Monte Carlo method (Howell, 1998) . This method combines good features of the three following numerical techniques: Monte Carlo, zonal and ordinates methods. The discrete transfer method is straightforwardly applicable to complex geometries, able to return any desired degree of precision, easy to apply and above all, easily coupled to a computational fluid dynamic solver. These features certainly justify its popularity and its wide applications in radiative problems as well as its incorporation in the commercial computational fluid dynamics codes (Coelho and Carvalho, 1997; Versteeg, et al., 2003; Mishra et al., 2012) . Though, there are some shortcomings still attached to the DTM and especially the difficulty to extend the method to anisotropic scattering problems. The isotropic or linear anisotropic phase functions assumptions have been widely used for radiative heat transfer analysis using the DTM (Cumber, 1995; Carvalho and Farias, 1998; Mishra et al., 2006) . Since realistic participating media scattering phase function may undergo strong angular oscillations which can leads to complex highly anisotropic scattering behavior, isotopic or linear anisotropic scattering assumptions are probably limited to correctly describe the media anisotropic scattering. Therefore, they are still a need for a DTM formulation which can account participating media anisotropic scattering. This may be a useful tool in modeling engineering systems, where the presence of particles is an important factor and make scattering medium to be anisotropic.
The present study proposes an extension of the DTM for the analysis of radiative heat transfer through anisotropic scattering media without using a phase function normalization technique. The investigation is restricted to one-dimensional problem due to the simplicity of the DTM solution of this problem and because benchmark solutions from literature is available. The paper first presents the radiative transfer equation, follows by a description of the DTM formulation for anisotropic scattering media, and finally a presentation of results.
Problem Formulation
Let us consider a planar absorbing, emitting and anisotropic scattering and gray medium as shown in Fig.1 . The incident boundary of the medium is subjected to diffuse irradiation, while the other boundary is cold. The steady-state radiative transfer equation can be written as (Howell et al., 2011) ( , )
where the source term is
with = the direction cosine associated to the polar angle , = is the optical depth in the direction, = + , , are respectively extinction, absorption and scattering Most participating medium scattering phase function may present a strong angular oscillations and/or a strong forward/backward scattering peak which may be difficult to handle by with some radiative heat transfer solutions (Modest, 2013) . Therefore, approximate scattering phase functions such as Legendre polynomials and Henyey-Greenstein phase functions have been widely used for the radiative heat transfer analysis (Kumar et al., 1990; Zhou et al., 2007) . The Legendre polynomial scattering phase function expanded the medium phase function into a series of Legendre polynomials as (Howell et al., 2011 )
where is the Legendre polynomial of degree k and the coefficients that can be obtained by the orthogonality relations on Legendre polynomial. The Henyey-Greenstein scattering phase function is defined as (Dombrovsky and Baillis, 2010; Modest, 2013 )
The scattering angle, , in Eqs. (4) and (5) is defined by
) It should be noted that the Henyey-Greenstein scattering phase function depends only on the asymmetry scattering factor g, which can measured the degree of the anisotropic scattering. The scattering phase function asymmetry factor can be defined as
The asymmetry factor, g, lies −1 ≤ g = 1 /3 ≤ 1, where the scattering is forward if g > 0, backward scattering if g < 0, and isotropic for g = 0. The boundary conditions for Eq. (1) are given by
Method of Solution
The discrete transfer method is applied to solve the one-dimensional radiative transfer problem. This method is based on the solution of Eq. (1) along specified directions. The physical domain is divided into control volumes. The temperature and radiative properties are assumed constant within each control volumes. Then, a central point of each cell on the boundary in the computational domain is the source of a number of rays chosen to divide the hemisphere around the grid point into a given number of equal solid angles. Each solid angle defines a direction along which the radiative transfer equation is solved. For any representative ray, the intensity distribution can be calculated by assuming each control volume as homogeneous. Integrating Eq.
(1) between the upstream point and downstream point +1 for any direction yields the following recurrence relations:
If the optical path-leg = +1 − between the upstream and downstream points in a given intensity direction ( , ) is small enough, the source term appearing inside the integral on the right hand side of Eq. (9) can be assumed constant and equal to the average of their values at the two points. This leads to the following relation ( +1 , , ) = ( , , ) − ⁄ + ( )(1 − − ⁄ ) (10) with the average source term defined as
where the is the temperature at the control volume centre and the average intensity is defined as:
In the present formulation, the angular domain is sub-divided into = × number of solid angles, in such that
with the elemental solid angle ℓ ′ around the discrete direction as shown in Fig. 2 and written as
Fig. 2. Element sub-solid angle of the angular discretization
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where ̅ ℓ = ̅ ℓ ( ̅ ℓ , ̅ ℓ ). In fact, any intensity at a discrete direction ̅ ℓ is traced through the center of each solid angle sub-division as shown in Fig. 2 . The rays started on the boundary surface and are solved along paths between two boundary walls. For the use of the anisotropic scattering phase function in the DTM, an expression of the source term integral is required. Hence, the source term integral of Eq. (11) is replaced by a discrete sum as
with the average phase function ̃( ∆ ℓ ′ , ̅ ℓ ) determined as
It should be noted that the discretized phase function defined by Eq. (17) is evaluated at mid incoming sub-solid angle whereas no information was given in the similar finite volume method formulation encountered in the literature (Chai and Patankar, 2006) . For cases where the analytical form of the scattering phase function is known, the integration ̃( ∆ ℓ ′ , ̅ ℓ ) can be done analytically. If the medium is assumed to be scattered isotropically, ( ′ , ) = 1 and the integration of Eq. (17) gives ̃( ∆ ℓ ′ , ̅ ℓ ) = 1 . The source term, Eq. (16), becomes
Another limiting anisotropic case that can be interesting to evaluate, is when the scattering in media is assumed to be linear. In this case, the phase function can be written as ( ′ , ) = 1 + g ′ (19) Considering the linear scattering phase function of Eq. (19), the evaluation of the source term, Eq. (16), gives
where the weighed direction ℓ ′ is defined similar to the finite volume method (Chai et al., 1994) 
It is important to note that Eqs. (18) and (20) are the conventional form of the source term encountered in literature for the DTM analysis when assuming isotropic and linear anisotropic scattering media, respectively (Henson and Malalasekera , 1997; Versteeg et al., 2003; Mishra et al., 2006) . The average of the scattering phase function developed in Eq. (17) must satisfy the conservation of scattered energy, which can be expressed in the discretized form as
To be accurate, the numerical DTM procedure developed above must also preserve the phase function asymmetry factor after the angular discretization. The angular discretization of the phase function asymmetry factor, Eq. (7), is given by
The main radiative quantities of interest in the present work are: the dimensional radiative heat flux, the hemispherical reflectance and transmittance. The dimensional radiative heat flux at any point is computed as
The hemispherical reflectance and the transmittance are defined, respectively, by
where is the medium optical thickness.
Results and Discussion
To discuss the efficiency of the proposed approach accounting anisotropic scattering phase function in the DTM solution, analysis of a one-dimensional cold, absorbing and scattering media subjected to a diffused irradiation at the bottom black surface while the top black surface maintained at a cold temperature, is considered. Three types of problems are studied: isotropic, weakly and highly anisotropic scattering problems. The Legendre polynomials and Henyey -Greenstein phase functions are also used to approximate the participating media anisotropic scattering. The computations were carried out using × = 24 × 24 sub-solid angles, × = 130 × 2 control angles for angular discretization and ∆ = 0.01 as spatial grid.
Isotropic scattering problems
The first benchmark problem consists of radiative transfer in an isotropically scattering planar slab with a constant scattering albedo and transparent boundaries (Altaç , 2002) . The hemispherical reflectance and transmittance for slabs of various optical thicknesses ranging from = 0.1 to = 10 are determined for scattering albedo values from = 0.2 to = 0.995. DTM results are compared with the exact solution, 3 approximation, 11 spherical harmonics and discrete ordinates ( 128 ) methods of reference (Altaç, 2002) . The relative errors between exact solution and 3 approximation, 11 , DOM, and DTM solutions, for transmittance and reflectance are tabulated in the Table 1 . In general, relative errors from DTM rise with increasing optical thickness. The relative error on the reflectance is high for optically thick media. For = 0.1, relative errors are -0.07% and -0.03% for = 0.2 and = 0.995, respectively. In the case of = 1, relative errors are -0.02% and 0% for = 0.2 and = 0.995, respectively. However, for an optically thick media with = 10, relative errors are -0.55 and 0.02% for = 0.2 and = 0.995, respectively. It should be noted that for = 10 , relative errors on transmittance are -1.5 and -0.17% for = 0.8 and = 0.995, respectively.
Table 1
Comparison of different methods of reference (Altaç, 2002) with DTM solutions in the case of the isotropic scattering phase function (g=0)
Weak scattering problems
In the second benchmark problem, the medium is assumed to be weakly scattering with the scattering phase function given either by Legendre polynomials (linear scattering) or HenyeyGreenstein scattering phase functions. Three scattering cases with phase function asymmetric factors g = {0.16, ∓1 3 ⁄ } are considered. The media scattering albedo and optical thickness ranges from = 0.5 to 1 and = 1 to 10, respectively. The DTM predictions obtained using Legendre polynomials or Henyey-Greenstein scattering phase functions are compared to exact and analytical solutions available from the literature (Zhou et al., 2007) . The DRESOR and DTM reflectance for a purely scattering medium, with the nearly isotropic scattering phase function problem given by the Henyey-Greenstein phase function with g = 0.16 (Zhou et al., 2007) are given in yields solutions that are better than DRESOR methods. In fact, the maximum relative error for DRESOR method is 0.3%, while in the DTM is it observed to be 0.05%.
Table 2
Comparison between exact and DRESOR results (Zhou et al., 2007) and DTM hemispherical reflectance predictions for a weakly scattering medium with g=0.166
For weakly scattering problems with g = ∓1 3 ⁄ , the DTM hemispherical reflectance and transmittance predictions are tabulated in the table 3. The DTM are compared to the exact integral solution, 128 , 11 and the approximations, for = 0.5 and = 0.995 (Altaç, 2002b) .
Table 3
Comparison of the hemispherical reflectance and the transmittance results in the case of weak scattering medium (g = ∓1 3 ⁄ )
It is seen in Table 3 that for an albedo = 0.5, relative errors on transmittance and reflectance when using DTM with the Legendre polynomials function are -0.0014 and 0.22%, respectively, for forward scattering, while these errors for backward scattering phase function are -0.0011% and -0.03%, respectively. It is also noticed in Table 3 that relative errors on transmittance and reflectance obtained from the DTM results are relatively great when the scattering phase function is approximated by the Henyey-Greenstein scattering phase function. Relative errors on the predicted transmittance and reflectance obtained with the DTM using the Henyey-Greenstein phase function are -0.3034% and -0.623%, respectively, for forward scattering function, while these errors for backward scattering are -0.2614% and -0.829%, respectively. For a nearly purely scattering medium with = 0.995, the DTM using either Legendre polynomials or Henyey-Greenstein scattering phase functions accurately predicted exact solution. Relative errors on transmittance/reflectance and for both backward or forward anisotropic scattering are less than -0.073%. These errors are in the same order than those obtained when using 128 or 11 methods. The last tested case of this section is a thin medium, = 1.0, described by the weak scattering function labeled PFI, which expansion in Legendre polynomials has 6 terms and the asymmetry factor is g =0.214611. Table 4 compared literature (Kumar et al., 1990 ) and the DTM boundary fluxes for = {0.2, 0.5, 0.8}. It is seen a good agreement between DTM and exact results. The maximum relative error on boundary heat flux for all considered cases is less than 0.004% when medium anisotropy is approximated by the Legendre polynomials phase function. This error is less than 0.15% if the medium anisotropy is approximated by the Henyey-Greenstein phase function. Table 4 Comparison of results obtained for different methods and single-scattering albedo; = 1.0
Anisotropy scattering problems
In order to investigate the accuracy of the DTM solutions for analysis the radiative heat transfer through anisotropic scattering medium, three scattering phase functions labeled PFII, PFIII and PFIV with asymmetry factors g = 0.773153, 0.867614 and 0.927323, respectively, are considered. From the literature, the expansion in series number of terms of these Legendre polynomials functions is 15, 25 and 26 for PFII, PFIII and PFIV, respectively (Mengüç and Viskanta, 1983; Mengüç and Iyer, 1988; Kumar et al., 1990) .
The comparison between exact Legendre polynomials functions and discretized scattering phase functions obtained after × = 130 × 2 control angles discretization for DTM solution is presented in Fig. 3 . This figure also compared discretizes scattering phase functions obtained by the DTM when the medium anisotropic scattering is approximated by Legendre polynomials or Henyey-Greenstein phase functions. The case of weak scattering given by the scattering phase function PFI has also been included to show the effect of the DTM angular discretization for this weakly scattering case. It is seen in Fig. 3 that the discretized scattering function obtained from DTM with Legendre polynomials function guarantees the preservation of the phase function shape without requiring a phase function renormalization technique. This figure also shows that the discretized scattering function obtained from the DTM with the Henyey-Greenstein function only average the exact Legendre polynomials functions. This is in a good agreement with the literature as the Henyey-Greenstein phase function is a smooth function which cannot accurately reproduce the exact phase function oscillations (Modest, 2013) . The DTM asymmetry factor values predictions and relative errors from exact values are presented in Table 5 . The predicted DTM results are obtained using × = 130 × 2 control angles discretization. Excellent agreement is observed between exact results and discretized asymmetry factor from the DTM solution with the Legendre polynomials function. It is noted that the relative error on the asymmetry factor increased with increasing anisotropic scattering for the DTM solution using the Henyey-Greenstein phase function. The maximum relative errors is about 8% for the Henyey-Greenstein phase function with g = 0.927323. This is probably due to the low order azimuthal discretization of the angular discretization. We noted that the relative error for g = 0.927323 drop to 0.056% if × = 12 × 24 angular discretization is considered. It is also relevant to mention that a refined azimuthal discretization around the azimuthal angle endpoints is suitable for ray effects mitigation, which occurs in the multidimensional radiative transfer problem (Kamdem, 2015) . Table 5 Comparison of the prescribed and computational asymmetry factor of scattering phase function
The effect of the proposed discretized anisotropic scattering phase function for the DTM is discussed by considering a optically thin medium, = 1.0, with albedo = 0.8. Table 6 compares boundary fluxes obtained using different radiative heat transfer solutions and for phase functions PFII and PFIII. The results of the 9 -method are considered as benchmark solutions (Kumar et al., 1990) . For the medium anisotropic scattering given by the PFII function, the relative error in the DTM is in the same order when the medium anisotropic is approximated either by Legendre polynomials or Henyey-Greenstein phase functions. The maximum relative error is less than 0.05%. For medium anisotropic scattering given by PFIII, excellent agreement is obtained between exact results and the DTM predictions using the Legendre polynomials function: the maximum deviation is 0.02%. This deviation is 1.3% for the DTM predictions using Henyey-Greenstein phase function. The better performance of the DTM when using the Legendre polynomials phase function than the DTM when using Henyey-Greenstein phase function is probably due to the angular discretization. As noted previously, high polar discretization is adequated for Legendre polynomials function, while both polar and azimuthal finer discretizations are needed for the Henyey-Greenstein phase function. It should be noted that the error on the boundary heat flux slightly increases with increasing phase function anisotropic. Table 7 Comparison of results obtained for different methods and optical thickness; = 0.8 Table 7 shows a good agreement between the DTM and benchmark solutions for radiative heat transfer through a medium with anisotropy given by PFIII and for the three optical thicknesses considered; = {0.1, 2.0, 10.0}. Relative errors between the DTM and benchmark solutions increased with optical depth. It is also noted that the maximum error is obtained for medium with = 10 and the DTM prediction using the Henyey-Greenstein phase function. Fig. 4 . Influence of the scattering albedo on the dimensionless radiative heat flux with the highly anisotropic scattering phase function Figure 4 shows the influence of the scattering albedo on the dimensionless radiative heat flux. The medium anisotropic scattering is approximated by a highly anisotropic scattering phase function PFIV with the asymmetry factor g = 0.927323. The medium optical thickness is = 10 and five scattering albedo are considered: = 0.1, 0.5 0.8, 0.9 and 1.0. Good agreements are noted between the DTM using both Legendre polynomials and Henyey-Greenstein scattering phase functions.
Conclusions
A DTM formulation to solve the RTE in a planar absorbing and scattering media, taking into account effects of media anisotropy scattering has been presented. Investigations have been done assuming that media anisotropy scattering can be approximated either by Legendre polynomials or HenyeyGreenstein phase functions. The accuracy of the proposed formulation has been examined by comparing radiative heat flux DTM predictions with available literature results and the following conclusions can be drawn:  For weak scattering problems, excellent agreement is obtained between the DTM and literature benchmark solutions.  For anisotropy problems with the scattering phase function approximated by the Legendre polynomial function, excellent agreement is noted between the proposed DTM and literature results.  For anisotropy scattering problems with the scattering phase function approximated by the Henyey-Greenstein phase function, good agreement is observed between the DTM and benchmark solution for low and moderate anisotropy scattering, while finer polar and azimuthal angles discretizations will be needed for medium with highly anisotropy scattering.
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